The coupling of scalar field with gravity in a general comoving spherically symmetric system is reconsidered. Spherical symmetry implies the independence of the field on the angular variables and the equivalence of the consistency of Einstein equation condition to the vanishing of the divergence of the energy momentum tensor of field. The explicit system of equations is reduced by deriving a generalized cosmological equation. The scheme is exemplified in the Robertson-Walker space-time. Some comments on the possible solutions of the schemes are performed.
Introduction
The study of the coupling of scalar and gravitational field is of interest in General Relativity under many aspects. They run from mathematics to physical applications. Self gravitational interaction of matter fields has been widely studied on mathematical ground in case of massless field in spherically symmetric space-time [2, 3] . The problem is also relevant for the formulation of a cosmological model. It plays indeed a fundamental role to explain the dynamics of inflation (e. g., [4] ), the description of gravitational collapse and black hole and singularity formation (e. g., [6, 1] ). In the present paper a study of the interaction of gravity with a massive scalar field in spherically symmetric comoving system is reconsidered.
Such context is of interest because it represents the framework for the formulation of an inhomogeneous cosmological model [5] . The scalar field equation is coupled the Einstein field equation whose source is the energy momentum tensor T μν (φ) of the field. The scheme, made explicit in the Lemaître-Tolman-Bondi (TLB) space-time, gives rise to a set of coupled non linear partial differential equations. On account of the spherical symmetry the field φ is allowed to depend only on the radial and time coordinates. There results also that the validity of the scalar field equation is equivalent to the consistency condition of the Einstein equation, namely to the requirement that T μν (φ) has zero divergence. The study of the explicit equations was previously performed in the static case [8] and in the special cases of dependence of the fields on one only space-time coordinate [10] . It is possible however to go further in the development of the general scheme and to introduce a generalized cosmological equation that results coupled to the scalar field equation. The equations have however an involved structure and the very problem is their decoupling.
The scheme greatly simplifies in the special case of the Robertson Walker space-time. In this case, it can be reported to the solution of separated non linear differential equations in the fields and in the "radius" of the Universe that are solved in a special case.
Some comments on special solutions of the general scheme are developed that show the difficulty of determining an exact one.
Formulation of the scheme and basic results
The object is here to study, in the General Relativity context, the interaction of a scalar field φ(x μ ) with gravity. We denote by
the energy momentum tensor of the field. A possible formulation of the interaction is of requiring the validity of the coupled Einstein and the (minimally coupled) scalar field equation
(m 0 the mass of the field). By contracting indexes in (1), the eq. (1) can be put into the form
Therefore one can equivalently formulate the problem by (2) plus (3). The interaction scheme is now studied in the framework of the comoving spherically symmetric systems of metric tensor g μν such that
A first consequence of this assumption is that φ(x μ ) cannot depend on the angular variables. Indeed if R μν is made explicit in the metric (4) (e. g., [9] 
The form (9) of the scalar field equation follows, e. g., by specializing to the present case the results in [7] . A second consequence of spherically symmetry assumption (4) is that the consistency condition of the Einstein field equation, namely ∇ μ T μν (φ) = 0, is equivalent, for non trivial fields, to the requirement that φ satisfies its own field equation. Indeed a direct computation gives [10] 
where F (φ) denotes the left hand side of (9). The system (5-9) has already been studied in the static case [8] and, systematically, when each function y, φ, γ depends a priori on one only variable [10] . There are further general aspects of the scheme that can be considered before discussing the solution.
Main developments.
Note first that eq. (8) can be integrated exactly to obtain
where the arbitrary radial integration function has been given the form 1 + 2E(r) in analogy to the LTB cosmological model. By using (11) in (5) one gets
By inserting the first left term of (5) into (6) and then the first left term of the resulting (6) into (7) one obtainṡ
By taking into account (12) in (13) one finally is left witḣ
The problem of the solution of the scheme is therefore shifted to find the simultaneous solution of (14) and (9). The equation (14) is still a very involved equation. Formally it can be interpreted as a generalized Kepler-like equation for a particle of mass 1 subjected to the gravitational field of a mass M(r, t) (the action of the scalar field included) and the scalar field itself. In the next Section the scheme is specialized to the Robertson-Walker space-time metric.
Robertson Walker space-time
We apply the previous formulation to the case of the metric tensor
One has therefore exp γ = R 2 (t)/(1 − ar 2 ) and y(r, t) = rR(t). By comparing with (11) one finds that it must bė
Hence φ = φ(r) or φ = φ(t). Meaningful solutions are possible only for φ = φ(t). Indeed Suppose first φ = φ(r). Then (9) becomes
Hence R = const.. Suppose now φ = φ(t). The scalar field equation becomes
By calculating M(r, t) and equating the result to y 2ÿ ≡ r 3 R 2R one has
The gravitational equation (14) gives, with M = (kr
while by using again M = r 3 R 2R gives
The problem is reduced, e. g., to the solution of the coupled equations (19), 
b, c integration constants.
Comments.
It does not seem easy to find a solution of the system (5)- (9) or (14), (9) . Complexity can be reduced if the field depends on one only variable φ = φ(r), or φ = φ(t). In such situations, from (8) one gets
Suppose first φ = φ(r) and look for factorized y-solutions: y = x(r)T (t). By making explicit the scalar field equation under the present assumptions one easily concludes that T = constant, that is y x(r). From (12) then 
Note that (34) is indeed a function of (32) and (33) as it can be checked by taking the time derivative of (32) and using (33) The last equations are not compatible unless φ = 0. As a consequence of the above discussion, it does not seem that looking for factorized solution represents the correct approach to the solution of the problem, even under the over-simplification leading to (25) .
It remains open the problem of finding an exact solution of the equations (5)- (9) . Even providing a consistent approximation method of solution of the scheme could be very appreciable for physical applications.
